Abstract. We present curvature properties of four-dimensional semi-Riemannian metrics related to semi-integrable almost Grassmann structures studied by M.A. Akivis and V.V. Goldberg in [2] .
Introduction
Let M be a manifold of dimension n = pq, and let SC(p,q) be a differentiate field of Segre cones SCx(p,q) C TX(M), x € M. The pair (M, SC(p,q) ) is called an almost Grassmann structure and is denoted by AG(p -l,p+q -1). The manifold M endowed with such structure is said to be an almost Grassmann manifold ( [1] , Chapter 7; [2] , Definition 1.1). Certain additional conditions lead to so-called semiintegrable almost Grassmann structures ( [2] , Definition 1.2). The latter were studied in [2] and examples of such structures, mainly 4-dimensional, are presented there. Certain semi-Riemannian metrics are related to these structures. The problem arises to describe curvature properties and, in particular, curvature properties of pseudosymmetry type, of these metrics. In this paper we present curvature properties of 4-dimensional metrics g considered in the Examples 3.5 -3.16 of [2] . These metrics will be called Akivis-Goldberg, in short AG-metrics.
We can easily check that the Ricci tensor S and the scalar curvature K of an .AG-metric g satisfy (1) (i) rankS <2, (ii) S 2 = 0, (Hi) K = 0,
where S 2 (X, Y) = S(SX, Y) and the Ricci operator S is defined by g{SX, Y) = S{X,Y).
For precise definitions of the symbols used, we refer to Sections 2 and 3 of this paper. Every AG-metric fulfils the curvature condition In Section 2 we prove that the Bach tensor B ( [14] ) of any 4-dimensional semi-Riemannian manifold (M,g), fulfilling (l)(ii), (l)(iii) and (2) , satisfies B = • S. In Section 4 we state that every AG-metric fulfils We check that the AG-metrics g considered in the Examples 3.5-3.13 and 3.15 of [2] satisfy (4) u
;(X) TZ(Y, Z) + u{Y) K{Z, X) + uj(Z) K(X, Y) = 0,
where w is some 1-form and 1Z is the curvature operator corresponding to g. If a semi-Riemannian manifold (M,g), dim M > 3, satisfies (4) then at every point x 6 M, at which the 1-form ui is nonzero, the following equality is satisfied ( [6] , Section 5.3) ( 
5) RR = Q{S,R),
where R is the curvature tensor and the (0,6)-tensors R • R and Q(S, R) are defined by
(R • R)(X lt ...,X a -X,Y) = -R(n(X, Y)X lt X 2 , X 3 , X 4 ) -...-R(X u X 2 ,X 3 ,n(X,Y)X 4 ), Q(S, R){X!, ...,X i; X,Y) = -R({X As Y)X 1; X 2 , X 3 , X 4 ) -...-R(X l ,X 2 ,X 3 ,(X As Y)Xt),
respectively, and the endomorphism X As Y is defined by
The relation (5) is a condition of pseudosymmetry type. In Section 2 we present a review of such conditions. In addition, in Section 3 we give some results on 4-dimensional warped products which we apply in Section 4 to prove that the AG-metric g, defined in Example 3.5 of [2] , is a non-warped product metric. We prove also that this metric cannot be realized on a hypersurface in a 5-dimensional space of constant curvature. We denote by C the class of all semi-Riemannian manifolds, of dimension > 4, satisfying (5) . In this class of manifolds we can distinguish at least three subclasses: C\, C2, and C3. The subclass C\ is formed by warped products ( [6] , Section 5.3). The subclass C2 is formed by semi-Riemannian manifolds whose curvature tensor R satisfies R = eA A A, e -±1, for a certain symmetric (0,2)-tensor A. In particular, every hypersurface immersed isometrically in an (n + l)-dimensional semi-Euclidean space E£ +1 with signature (n + 1 -k, k), n > 3, belongs to this subclass ( [6] , Section 5.4). The subclass C3 is formed by manifolds fulfilling (4) such that u is nonzero on a dense subset of a given manifold. As we prove in Section 4, the AG-metric g defined in Example 3.5 of [2] belongs to the subclass C3 and does not belong neither to C\ nor to C2. This shows that the subclass C3 is essential. In [4] we present an example of a warped product manifold which belongs to the class C2 and does not belong to the class C3. It is an open problem whether there exist other subclasses of the class C. We mention also that every 3-dimensional semi-Riemannian manifold satisfies (5) ( [6] , Section 5.3).
The AG-metrics defined in the Examples 3.14 and 3.16 of [2] are semisymmetric metrics (R R = 0, [15] ) with a nonzero tensor Q(S, R). Therefore both metrics do not satisfy (5) . These metrics satisfy a weaker than (5) curvature condition of pseudosymmetry type, namely
where L is some function on given manifold and the (0,6)-tensor Q(g, C) is defined by
Semi-Riemannian manifolds satisfying (6) were studied, among others, in [10] (see also [6] , Section 5.5). Thus we can state that the AG-metrics g belong to the class of semi-Riemannian manifolds having at every point linearly dependent tensors R -R -Q(S, R) and Q(g, C) (see Theorem 4.4). We mention that essentially conformally symmetric manifolds, i.e. nonconformally flat (G ^ 0) and nonlocally symmetric (Vi? / 0) semi-Riemannian manifolds with parallel Weyl tensor (VG = 0), also form a subclass of the class of manifolds satisfying (6) ( [10] ). However these two subclasses are disjoint (see Remark 4.9) .
The author of this paper would like to thank the Professors V.V. Goldberg and L. Verstraelen for their encouragement to study the theory of semiintegrable almost Grassmann structures and related topics. The author would also like to express her heartily thanks to the Professors V.V. Goldberg, Z. Olszak and R. Schimming and her supervisor Professor R. Deszcz for their help during the preparation of this paper.
Pseudosymmetry type manifolds
Let (M,g), n = dim M > 2, be a connected semi-Riemannian manifold of class C°° and let V be its Levi-Civita connection. We define on M the endomorphisms
respectively, where A is a (0,2)-tensor on M, K is the scalar curvature of (M, g), and X,Y,Z e H(M), E(M) being the Lie algebra of vector fields of M. The tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal tensor C of (M, g) are defined by
respectively. For the (0,2)-tensors A and B we define their Kulkarni-Nomizu product AABby ([3] , p. 47)
For a (0, /c)-tensor T, k > 1 and a symmetric (0,2)-tensor A we define the (0, A;)-tensor A • T and the (0, k + 2)-tensors R T and Q(A, T) by 
This is equivalent to R C = L Q(S, C) on the set U = {x € M \ Q(S, C) +
0 at x}, where L is some function on U. Semisymmetric manifolds as well as Weyl-semisymmetric manifolds (R • C = 0) satisfy (*)7 trivially (see [9] ). There exist also nonsemisymmetric and non-Weyl-semisymmetric manifolds fulfilling (*)7 (see e.g. [9] and [11] ). (*)i -(*)7 are called conditions of pseudosymmetry type ( [11] , [16] ). Recently, a review of results on semi-Riemannian manifolds satisfying these conditions was given in [7] .
Let (M, g) be a semi-Riemannian manifold covered by a system of charts {{/; x r }. We denote by g rs , Rrstu, S st , = g pt S rp , S? t = S Tp S t p , Grstu = grugst -grtgsu and
the local components of the metric tensor g, the Levi-Civita connection V, the Riemann-Christoffel curvature tensor R, the Ricci tensor S, the Ricci operator S, the tensor S 2 , the tensor G and the Weyl conformal curvature (X)(ii) and (l)(iii) we get easily (8) . Next, contracting the identity
with g st and using (l)(ii), we get
On the other hand, contracting (8) with g st and using again (l)(ii), (l)(iii), But this, by making use of (l)(iii), turns into (10).
(ii) Contracting (11) with g su we obtain
Further, transvecting (13) with S rs and using (11) and (15) we obtain nCtuvw = 0. From this it follows that K = 0 on Uc-Our lemma is thus proved. 
O where UJ G T*(M) and /3 € R.
Proof. Our assertion is trivial on the set M -Us-We assume that x is a point of the set Us-From Lemma 1 of [5] EXAMPLE 2.1. Let (M,g) be the warped product defined in Example 4.1 of [8] . This manifold is nonconformally flat and at every point of M its Weyl tensor is nonzero. Moreover, (1)(ii) and (2) are fulfilled on M. We can easily check that (M, g) is a Ricci-symmetric manifold (VS = 0). Therefore, • S = 0 on M. In the case, when dim M = 4, from Proposition 2.2 it follows that the Bach tensor of (M, g) is a zero tensor.
Warped products
Let now (M,g) and (N,g), dim M = p, dim N = n -p, 1 < p < n, .. E {1,2, ...,n}. We will denote by bars (resp., by tildes) tensors formed from g (resp., g). The local components Rr S t u of the curvature tensor R and the local components St s of the Ricci tensor S of the warped product M xp N which may not vanish identically are the following ( [5] , [11] ):
and T is the (0,2)-tensor with local components T ab . The scalar curvature /c of M Xp N satisfies the following relation
be a warped product manifold of a 1 -manifold (M,g) and a 3-dimensional manifold (N,g). If (l)(ii) and (l)(m) are satisfied on MxpN then MxpN is a semisymmetric manifold and rankS < 1. Moreover, if M xp N is a generalized Robertson-Walker spacetime then it is a flat manifold.
Proof (23) and (22), we find 5 = 0, which reduces C = 0 to R = 0. Our lemma is thus proved. Proof. From (l)(ii) we get S| 4 = g u S u Su --0, and (31) 5 44 = 0. Now (l)(ii) and (l)(iii), by making use of (31), yield Proof. Using (35) and (37) we can check that (1) and (2) hold on U. Further, using (37), we can also check that the 1-form u, with local components u r defined by a>i = CJ2 = 0, W3 = | / , W4 = 3 (/ ) 2 and the local components Rrstu of the curvature tensor R satisfy Ld r Rstuv ids Rtruv "I" ^t Rrsuv -0, i.e. (4) holds on U. From (4), in view of [6] (Section 5.3), it follows that (5) is fulfilled on U. Further, Lemma 2.1 states that (8)-(10) are satisfied on U. In view of Proposition 2.2 we have also on U the relation Bhk -9
pq^p^q ShkNow, using (35)-(37) we verify that (3) holds on U. Our proposition is thus proved. (ii) A semi-Riemannian manifold (M, g), dim M > 3, is said to be quasiEinstein if at every point x of M its Ricci tensor S is decomposed in two terms; a metrical term and a term of rank at most one, i.e. if S = a g + /3w ® w, a, ¡3 e R, at x, where w G T*(M). We can verify that (U, g) is not a quasi-Einstein manifold. Proof. Evidently, if at point x 6 U the function /" is nonzero then rank S = 2 at x. Therefore, in view of Theorem 3.1 and Theorem 3.3, there exists no chart {V;x r } around x such that the manifold (V,g) is a 4-dimensional warped product M xp N. Our theorem is thus proved. We prove that from the above relations it follows that /' = 0 holds at x. First we note that if ¿44 vanishes at x then from (43) it follows that ¿24 = 0, which reduces (44) to / =0. Therefore, in the following we assume that ¿44 is nonzero at x. Let ¿34 and ¿24 be nonzero at x. Prom (41) and (43) we get ¿24¿34 -¿23¿44 = 0, which reduces (44) to /' = 0. Let ¿34 = 0 at x. Note that (45) reduces to ¿33 = 0. Substituting this in (40) we get ¿23 = 0. Now (44) implies again /' = 0. Finally, let ¿24 = 0 at x. From (43) and (40) we get: ¿22 = 0 and A23 = 0, respectively. Now (44) reduces to / =0. Thus / , and consequently, / vanish on U. So, (37) implies R = 0 on U, a contradiction. Our proposition is thus proved. Proof. Using results of Section 5.5 of [6] and the fact that (U,g) satisfies (5) we can deduce that (U, g) cannot be realized on a hypersurface of a semi-Riemannian space of nonzero constant curvature. In addition, Proposition 4.2 states that (U, g) cannot be realized on a hypersurface of a semiEuclidean space E|. Our theorem is thus proved. (2) and (*) 6 .
